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Riemann zeta function

From Wikipedia, the free encyclopedia

The Riemann zeta functionor Euler—Riemann zeta function {(s), is a function of a complex variabke
that analytically continues the sum of the infinite series 2

R 20
n=1 n*’
. . . 10
which converges when the real partsif greater than 1. More general representatiorg)ffor all sare
given below. The Riemann zeta function plays a pivotal relanalytic number theory and has applications
in physics, probability theory, and applied statistics.

Im{z)

This function, as a function of a real argument, was intredliand studied by Leonhard Euler in the first -10

half of the eighteenth century without using complex arialyshich was not available at that time. Bernhard

Riemann in his article "On the Number of Primes Less Than @&GMagnitude” published in 1859 -20

extended the Euler definition to a complex variable, prat&deromorphic continuation and functional

equation and established a relation between its zeros arigtibution of prime numbef8! e e e e

Re(z)
The values of the Riemann zeta function at even positivg@rsewere computed by Euler. The first of them
{(2), provides a solution to the Basel problem. In 1979 Apéoved the irrationality of(3). The values at
negative integer points, also found by Euler, are rationatimers and play an important role in the theory of
modular forms. Many generalizations of the Riemann zetatfan, such as Dirichlet series, Dirichlet L-
functions and L-functions, are known.

' The Riemann Zeta Functic((z)
represented in a rectangular region of
the complex plane. It is generated as a
Matplotlib plot using a version of the

Domain coloring methoéf!
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Definition

The Riemann zeta function{{(s) is a function of a complex variable= ¢ +it. (The notation wits, ¢, andt is
traditionally used in the study of thefunction, following Riemann.)

The following infinite series converges for all complex rognss with real part greater than 1, and defiriés) in this
case:

C(s):Zn‘5:l+l+l+--- o =R(s) > 1.

n=

It can also be defined by the integral

1 o0 .’135_1
((s) = m/ﬂ =11

The Riemann zeta function is defined as the analytic coation of the function defined fas > 1 by the sum of the
preceding series.

Leonhard Euler considered the above series in 1740 foripesitteger values of, and later Chebyshev extended the Bernhard Riemann’s article

definition to reals > 1! on the number of primes
below a given magnitude.

The above series is a prototypical Dirichlet series thaveages absolutely to an analytic function fsuch that > 1

and diverges for all other values efRiemann showed that the function defined by the series@half-plane of convergence can be continued

analytically to all complex values# 1. Fors = 1 the series is the harmonic series which diverges¢cand

lim(s — 1)¢(s) = 1.

Thus the Riemann zeta function is a meromorphic functiorhenithole complexs-plane, which is holomorphic everywhere except for a singole
ats= 1 with residue 1.

Specific values

For any positive even integen:

(_1)ﬂ+1BZﬂ(2N)2ﬂ
C(2n) = 2(2n)!

whereB,,, is a Bernoulli number.

For negative integers, one has

JB1r1+1 :
n41 Riemann zeta function for real> 1

(-m) = -

forn> 1, so in particulag vanishes at the negative even integers becByseO0 for all oddm other than 1.
For odd positive integers, no such simple expression is know

Via analytic continuation, one can show that

1
(==-1
gives a way to assign a finite result to the divergent serie % 3 + 4 + - - -, which can be useful in certain contexts sucltriagskheory[.“]
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€(1/2) = —1.4603545 (sequence A059750 in OEIS)
This is employed in calculating of kinetic boundary layeolgems of linear kinetic equatior@.

1 1
(V=145 +5+ =00

if we approach from numbers larger than 1. Then this is thenbaic series. But its principal value

b S+ +¢(1—¢)
=0 2
exists which is the Euler—Mascheroni consty = 0.5772.. ..

((3/2) ~ 2.612; (sequence A078434 in OEIS)

This is employed in calculating the critical temperatuned@®@ose—Einstein condensate in a box with periodic bounciamgitions, and for
spin wave physics in magnetic systems.

ﬂ.E

) =1+ % N % +o = T~ 1645; (sequence AD13661 in OEIS)

The demonstration of this equality is known as the BasellprobThe reciprocal of this sum answers the question: Whatiprobability

that two numbers selected at random are relatively pr[ﬁhe’?

1 1 .
¢(3)=1+ % + 3 +---~1.202; (sequence A002117 in OEIS)

This is called Apéry's constant.

ﬂ.ni

C4) =1+ 2l4 N 3l4 4o = 55~ 10823; (sequence A0013662in OEIS)

This appears when integrating Planck's law to derive thEaBt®oltzmann law in physics.

Euler product formula

The connection between the zeta function and prime numbasshigcovered by Euler, who proved the identity

~ 1 1
S ML

1 _ 8
P prime p

where, by definition, the left hand sided&s) and the infinite product on the right hand side extends allgarime number$ (such expressions are
called Euler products):

11 1 1 1 1 1
Hl—p—5_1—2—51—3—51—5—51—7_51—11_5 l—p=

P prime

Both sides of the Euler product formula converge fordgre(1. The proof of Euler's identity uses only the formula foe geometric series and the
fundamental theorem of arithmetic. Since the harmoni@sedbtained whes= 1, diverges, Euler's formula (which beconll, p/(p — 1)) implies

that there are infinitely many primé@.

The Euler product formula can be used to calculate the astiogtrobability thats randomly selected integers are set-wise coprime. Inglitithe
probability that any single number is divisible by a prime éay integer)p is 1/p. Hence the probability tha&numbers are all divisible by this prime

is 1/p°, and the probability that at least one of themdgis 1 — 1p°. Now, for distinct primes, these divisibility events aretomlly independent
because the candidate divisors are coprime (a number Shdevby coprime divisora andm if and only if it is divisible bynm, an event which occurs
with probability 1/6m)). Thus the asymptotic probability thahumbers are coprime is given by a product over all primes,
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()= () =ty

(More work is required to derive this result formal@].)

The functional equation

The Riemann zeta function satisfies the functional eqonatoown as th&Riemann functional equationor Riemann's functional equation
C(s) = 2°7°" sin (%) T(1—s) ¢(1—s),

whereI'(s) is the gamma function, which is an equality of meromorphiections valid on the whole complex plane. This equatioates values of the
Riemann zeta function at the poirgand 1 -s. The functional equation (owing to the properties of theegimction) implies that(s) has a simple
zero at each even negative integer —2n — these are known as thigvial zeros of {(s). Forsan even positive integer, the product s&@)'(1-s) is
regular and the functional equation relates the valueseoRilemann zeta function at odd negative integers and evétivpaategers.

The functional equation was established by Riemann in 9 apetOn the Number of Primes Less Than a Given Magnituu used to construct
the analytic continuation in the first place. An equivalexiaitionship had been conjectured by Euler over a hundradsyearlier, in 1749, for the
Dirichlet eta function (alternating zeta function)

= (1-2"7)¢(s).

Incidentally, this relation is interesting also becausecttially exhibit(s) as a Dirichlet series (of the-function) which is convergent (albeit non-
absolutely) in the larger half-plare> 0 (not justs > 1), up to an elementary factor.

Riemann also found a symmetric version of the functionabéiga (which he assigned the lettefsmall xi]), given by first defining
1 s
e Z
€(s) = 37*"s(s = T (3) ¢(s).
The functional equation is then given by
&(s) =&(1—s).

(Riemann defined a similar but different function which ladled £(t).)

Zeros, the critical line, and the Riemann hypothesis

The functional equation shows that the Riemann zeta fumétas zeros at -2, —4, ... . These are called the
trivial zeros. They are trivial in the sense that their existence is neditieasy to prove, for example, from

sin(rs/2) being 0 in the functional equation. The non-trivial zehave captured far more attention because |
their distribution not only is far less understood but, mionportantly, their study yields impressive results i
concerning prime numbers and related objects in numberythids known that any non-trivial zero lies in
the open strip § = C : 0 < Re§) < 1}, which is called theeritical strip . The Riemann hypothesis,

considered one of the greatest unsolved problems in matiesnasserts that any non-trivial zesbas Re 5 g )gﬁ U
(s) = 1/2. In the theory of the Riemann zeta function, the seE{C : Re() = 1/2} is called thecritical line . y Y
For the Riemann zeta function on the critical line, see Z:fiam. y

| |
The Hardy-Littlewood conjectures : : |
In 1914, Godfrey Harold Hardy proved t¢( + it) has infinitely many zeros. Apart from the trivial zeros, the

Riemann zeta function doesn't have any
zero on the right o6=1 and on the left

of 6=0 (neither can the zeros lie too
close to those lines). Furthermore, the

Hardy and John Edensor Littlewood formulated two conjexgion the density and distance between the
zeros of( (3 + it) on intervals of large positive real numbers. In the followilV (T) is the total number of
real zeros aniNp(T) the total number of zeros of odd order of the funci((3 + it) lying in the interval

(0,71, non-trivial zeros are symmetric about
1. For anyz > 0, there exists {I5(¢) > 0 such that wheT” > Ty(e) and g = 7925+=, the interval the rea_l axis and the line = 1/2 and, _
] according to the Riemann Hypothesis,
(T,T + H] contains a zero of odd order. they all lie on the lines = 1/2.
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2. For anyz > 0, there exists Ty(c) > 0 ande. > 0 such that the inequalitNo(T + H) — No(T) > c.H R ———
holds wherT > Ty(e)and g = 795+,

.y

These two conjectures opened up new directions in the iigedisin of the Riemann zeta function.

Other results I

The location of the Riemann zeta function's zeros is of grepbrtance in the theory of numbers. The prime ~—

number theorem is equivalent to the fact that there are rasz#rthe zeta function on the RE 1 linel® A

better result®! that follows from an effective form of Vinogradov's meanuatheorem is thaf(c + it) # 0 :

whenever { |> 3 and This image shows a plot of the Riemann
zeta function along the critical line for

g>1— 1 ) real values ot running from 0 to 34.

- 57.54(log |t[)*/*(log log [¢])1/3 The first five zeros in the critical strip

are clearly visible as the place where the

spirals pass through the origin.

The strongest result of this kind one can hope for is the fithe Riemann hypothesis, which would have
many profound consequences in the theory of numbers.

It is known that there are infinitely many zeros on the catiine. Littlewood showed that if the sequengsg)(contains the imaginary parts of all zeros
in the upper half-plane in ascending order, then
Tim (g1 — %) = 0.

The critical line theorem asserts that a positive percentdghe nontrivial zeros lies on the critical line.

In the critical strip, the zero with smallest non-negatir@ginary part is 1/2 +14.13472514...“A058303). Directly from the functional equation one

sees that the non-trivial zeros are symmetric about theRe@® = 1/2. Furthermore, the fact th¢(s) = ((s) for all complexs# 1 implies that the
zeros of the Riemann zeta function are symmetric about tileares.

Various properties
For sums involving the zeta-function at integer and haiéger values, see rational zeta series.

Reciprocal

The reciprocal of the zeta function may be expressed as eliitiseries over the Mébius functiguin):

1 &pn)
RS

n=1 n

for every complex numbegwith real part > 1. There are a number of similar relation®inwng various well-known multiplicative functions; theare
given in the article on the Dirichlet series.

The Riemann hypothesis is equivalent to the claim that thpsession is valid when the real partois greater than 1/2.

Universality

The critical strip of the Riemann zeta function has the rdewalale property ofiniversality. This zeta-function universality states that there exsstae
location on the critical strip that approximates any holgpiic function arbitrarily well. Since holomorphic funetis are very general, this property is
quite remarkable.

Estimates of the maximum of the modulus of the zeta function
Let the functionsF(T; H) andG(so; A) be defined by the equalities

F(T;H) = max |C(%+it)|, G(SO;A):pEﬁAK(SN'

[t-T|<H

HereT is a sufficiently large positive numbed < H < InInT, sy = op + z’T,% <o <1,0< A< % Estimating the valueF and¢ from below
shows, how large (in modulus) valu{(s) can take on short intervals of the critical line or in smalilghdorhoods of points lying in the critical strip
0<Res <1

The caseH > In InT was studied by Ramachandra; the cA > ¢, wherec is a sufficiently large constant, is trivial.
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Karatsuba prove&lmz] in particular, that if the valueH and A exceed certain sufficiently small constants, then theregés
F(T‘ H) 2 T_Cl! G(SO; A) 2 T_CE!
hold, whereti; ¢2 are certain absolute constants.

The argument of the Riemann zeta-function

The functions(t) = 1 arg ¢ (4 + it) is called the argument of the Riemann zeta function. targ (5 + it) is the increment of an arbitrary
m
continuous branch carg ¢(s) along the broken line joining the poir2,2 + it and% + it There are some theorems on properties of the funS(th
t
Among those resuk&I 4 are the mean value theorems S(t) and its first integras; (t) = f S(u)du on intervals of the real line, and also the
]

theorem claiming that every interv(T, T + H] for i > T?7/%2+< contains at least

H(InT)Y3e—cViiT
points where the functioS(t) changes sign. Earlier similar results were obtained by Sétberg for the casg > T/2*=.
Representations

Dirichlet series

An extension of the area of convergence can be obtained braregng the original series. The series

(et )

converges foRs > 0, while

5—1

M

> n+1) 2n+3+s 2n—-1-s
S5 )

(n+1)s+2 - ns+2
converges even fRs > —1. In this way, the area of convergence can be extend®s > —k for anyk € {1,2,3,...}.
Mellin transform

The Mellin transform of a functiorf(x) is defined as

[ fa)eta

in the region where the integral is defined. There are var@xpressions for the zeta-function as a Mellin transfoftind real part ok is greater than
one, we have

G .’135_1

e —1

D(s)¢(s) = | dz,

whereI’ denotes the Gamma function. By modifying the contour, Riemghowed that

2sin(ws)['(s)¢(s) = ifg (;xzs; dx

for all s, where the contour C starts and endsatand circles the origin once.

We can also find expressions which relate to prime numbedsteprime number theorem.itx) is the prime-counting function, then
Y I )
log((s) = 5[0 2@ = 1) dz,
for values with Reg) > 1.

A similar Mellin transform involves the Riemann prime-cdimig functionJ(x), which counts prime powers' with a weight of 15, so that
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?T(:Uuﬂ).

n

J(z)=3"
Now we have
log((s)=s fow J(z)x™* " da.

These expressions can be used to prove the prime numbeethégrmeans of the inverse Mellin transform. Riemann's piementing function is
easier to work with, and(x) can be recovered from it by Moébius inversion.

Theta functions

The Riemann zeta function can be given formally by a diverdgailin transform
%*ﬁ@pmng B(it) /> dt,
1]

in terms of Jacobi's theta function

o(r) = i exp(min?t).

N=—00

However this integral does not converge for any valusafd so needs to be regularized: this gives the followingesgion for the zeta function:

n /20 (5/2)((s)

S T Y ) 1 [=
= —_ 4z ) g 1/2y ps/2-1 gy Y 1y45/2-1 s
—T- 5+ 2/0 (0(it) —t 2 /2 dt 4 2/1 (0(it) — 1)t/* 1 dt.

Laurent series

The Riemann zeta function is meromorphic with a single pblerder one at = 1. It can therefore be expanded as a Laurent series abolitthe
series development then is

)= 527+ X S -

The constantg, here are called the Stieltjes constants and can be defindaebynit

Yo = hm_{(ﬁi(bgkﬁ) _(bgnﬂﬂ+ﬂ.

M—+00 = k n 4 1

The constant term, is the Euler—Mascheroni constant.

Integral

For alls € C\ {1} the integral relation (cf. Abel-Plana formula)

2571 [ sin(sarctant
C(S) = — 2 / ( ] ) ‘1
s—1 o (L+t2)3(emt 1)

holds true, which may be used for a numerical evaluation @kztita-function>l

Rising factorial

Another series development using the rising factorialdvdr the entire complex plane is

s
s—1

s(s+1)---(s+n—-1)
(n+1)! '

((s) = —i(cmn)—l)

This can be used recursively to extend the Dirichlet seridmition to all complex numbers.

The Riemann zeta function also appears in a form similarédMillin transform in an integral over the Gauss—Kuzmin-diviig operator acting ox®
L that context gives rise to a series expansion in terms ofatieg factorial.
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Hadamard product

On the basis of Weierstrass's factorization theorem, Hadadugave the infinite product expansion

E{Iog{??r)—l—';rg‘?)s s o/p
)= ) L (1 - E) o

where the product is over the non-trivial zegosf {and the lettey again denotes the Euler—Mascheroni constant. A simplatteforoduct
expansion is

I, (1-2)
(s—DI(1+s/2)

()= 7"

This form clearly displays the simple polest 1, the trivial zeros at -2, —4, ... due to the gamma fionderm in the denominator, and the non-trivial
zeros aks =p (To ensure convergence in the latter formula, the produmtlshoe taken over "matching pairs” of zeroes, i.e. the fadir a pair of
zeroes of the formp and 1 - should be combined.)

Logarithmic derivative on the critical strip

dN 1d , , 2 = 2n+1/2
T () = iy (1080024 i) = log(C(1/2 = i) -~ 15 = D g +n1/2)£+ 2
WheredN(x)

Fa > 6(x — p)is the density of zeros dfon the critical strip 0 < Rejf < 1 (3 is the Dirac delta distribution, and the sum is over the
! P

nontrivial zerog of {).

Globally convergent series

A globally convergent series for the zeta function, validdth complex numbers excepts= 1 +% for some integen, was conjectured by Konrad
Knopp and proved by Helmut Hasse in 1930 (cf. Euler summgtion

& & fn) (-
€)= T 2 g 2 (k) (k+ 1)

n=>0 k=0

The series only appeared in an Appendix to Hasse's papediamadt become generally known until it was rediscoveredanban 60 years later (see
Sondow, 1994).

Hasse also proved the globally converging series
1= 1 2 (n\ (-DF
s —1§n+1 2 (k) (k+ 1)

k=0

(s) =

in the same publication.

Peter Borwein has shown a very rapidly convergent serigaldaifor high precision numerical calculations. The athon, making use of Chebyshev
polynomials, is described in the article on the Dirichlet ftnction.

Series representation at positive integers via the primoal

2&: o0 e k
(k) =g+ i(;i}) (k=2,3,...).
r=2 ST

Herep, #is the primorial sequence adgis Jordan's totient functioft®!

Applications

The zeta function occurs in applied statistics (see Zipfisdnd Zipf~Mandelbrot law).

Zeta function regularization is used as one possible mefamgalarization of divergent series and divergent integimquantum field theory. In one
notable example, the Riemann zeta-function shows up éttpiic the calculation of the Casimir effect. The zeta fuoatis also useful for the

analysis of dynamical systerﬁ'g.]
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Infinite series

The zeta function evaluated at positive integers appearsimite series representations of a number of constafkFhere are more formulas in the
article Harmonic number.

o0

1=3"(¢(n)—1). Infactthe even and odd terms give the two suty_(¢(2n) —1) =2 and ) _(¢(2n+1)—1) = 1.

n=2 n=1 n=1
log2="%" @n)-1 1.
n=1 n

> -1
1—vy=3" % wherey is Euler's constant.

n=2

— (2(3)" = 3)(¢(n) = 1)
! = .
og ; n
?T _ = C(n’) -1 1 N 1 T H H
1= Z; J((1+4)"— (1+4")) whereJ represents the imaginary part of a complex number.

Some zeta series evaluate to more complicated expressions
> ((2n)—1 1
El 26
> ¢(2n)-1 13 =
ﬂg 42n 30 8
>.¢(2n)—-1 61 m
=— — —(vV2+1

P R TR TAVERRY

Generalizations

There are a number of related zeta functions that can bedsmasi to be generalizations of the Riemann zeta functioas@imclude the Hurwitz zeta
function

((s,q) = é(leq)s

(the convergent series representation was given by Helragsélin 1936% ¢f. Hurwitz zeta function), which coincides with the Riemazeta
function wheng = 1 (note that the lower limit of summation in the Hurwitz zétaction is 0, not 1), the Dirichlet L-functions and the Dé&itel zeta-
function. For other related functions see the articles figtation and L-function.

The polylogarithm is given by

which coincides with the Riemann zeta function wizen1.

The Lerch transcendent is given by

oa zk

(I)(Z_, 5, Q) = 1. s
kzzo (k+q)°
which coincides with the Riemann zeta function wizen1 andq = 1 (note that the lower limit of summation in the Lerch seendent is 0, not 1).

The Clausen function dW) that can be chosen as the real or imaginary part gﬁfﬂ).
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The multiple zeta functions are defined by

C(51,82,..-,8,) = > |l S

k1 =k hn >0

One can analytically continue these functions tortkdimensional complex space. The special values of thesifuns are called multiple zeta values
by number theorists and have been connected to many diffleranches in mathematics and physics.

See also

n1+2+3+4+.-.

= Arithmetic zeta function

= Generalized Riemann hypothesis

= Particular values of Riemann zeta function
= Prime zeta function

= Renormalization

= Riemann-Siegel theta function
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