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TheBasel problemis a problem in mathematical analysis with relevance to ramtieory, first posed by Pietro Mengoli in 1644 and solved by
Leonhard Euler in 1735. Since the problem had withstood ttaelks of the leading mathematicians of the day, Eulerigtisol brought him immediate
fame when he was twenty-eight. Euler generalised the pmobtasiderably, and his ideas were taken up years later hyhed Riemann in his
seminal 1859 papedn the Number of Primes Less Than a Given Magnitiderhich he defined his zeta function and proved its basiperties. The
problem is named after Basel, hometown of Euler as well aseBernoulli family who unsuccessfully attacked the proble

The Basel problem asks for the precise summation of the nagafs of the squares of the natural numbers, i.e. the grscis of the infinite series:

> 1 . 1 1 1
Ym=m (prpt o)
The series is approximately equallt®44934:A013661. The Basel problem asks for #eactsum of this series (in closed form), as well as a proof

that this sum is correct. Euler found the exact sum ta4@ and announced this discovery in 1735. His arguments wagecon manipulations that
were not justified at the time, and it was not until 1741 thatwas able to produce a truly rigorous proof.
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Euler's approach

Euler's original derivation of the valug/6 essentially extended observations about finite polyatnand assumed that these same properties hold tr
for infinite series. Of course, Euler's original reasoniaguires justification (100 years later, Weierstrass pdathat Euler's representation of the sin-
function as an infinite product is correct, see: Weierstfastorization theorem), but even without justificatiby,simply obtaining the correct value,
he was able to verify it numerically against partial sumshef $eries. The agreement he observed gave him sufficiefileone to announce his result
to the mathematical community.

To follow Euler's argument, recall the Taylor series expamsf the sine function

, r* ® 2l
sinfz) = — 5+ = — 5+

3157
Dividing through byx, we have

sin(:t:)_l x? ozt af
PR T T T

Now, the roots (intersections with the x-axis) of sijik occur precisely at = n - 7 wheren = +1, £2, +3, ... Let us assume we can express this
infinite series as a (normalized) product of linear factgik&n by its roots, just as we do for finite polynomials:
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If we formally multiply out this product and collect all thé terms (we are allowed to do so because of Newton's identitiessee that the?
coefficient of sink)/x is

1 1 1 1 =1
~(pr@mteet )= mlw

But from the original infinite series expansion of sijik, the coefficient ok is -1/(3!) = -1/6. These two coefficients must be equal; thus
131
=P
Multiplying through both sides of this equation _z? gives the sum of the reciprocals of the positive square érteg

901 2
I

The Riemann zeta function

The Riemann zeta functic{(s) is one of the most important functions in mathematics, beea its relationship to the distribution of the prime
numbers. The function is defined for any complex nundeith real part > 1 by the following formula:

> 1
C(s) = ngl v
Takings= 2, we see the((2) is equal to the sum of the reciprocals of the squares of thigymmtegers:
> 1 1 1 1 1 w2
4(2)_£§_ B +22+32+42+---_€~1.644934.

Convergence can be proven with the following inequality:

N 1 N 1 N 1 1
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This gives us the upper boui((2) < 2, and because the infinite sum has only positive terms, it wmrsverge. It can be shown th{(s) has a nice
expression in terms of the Bernoulli numbers wheneisra positive even integer. Wits = 2n:

(2m)*"(=1)"*'Bsn

CCn) =5 @

A rigorous proof using Fourier series

Let f(x) = x over the intervak € (—m,m). The Fourier series for this function (worked out in thatce) is
o0 )‘ﬂ+1

Z

sin(nzx).

Then, using Parseval's identity (wf(z) = =) we have that

z |ﬂ|2——f x’ dz,

n=—0o0
where
o = if” re-inz gy = T cos(nw) — sin(mr)i _ cos(nﬁ)i_sin(nﬂ)i _ (=1,
2w J- Tn? n Tn? n

forn# 0, anda, = 0. Thus,
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forn+# 0 and
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Therefore,

as required.

A rigorous elementary proof

This is by far the most elementary well-known proof; whileshproofs use results from advanced mathematics, such a®Fanalysis, complex
analysis, and multivariable calculus, the following doeseaven require single-variable calculus (although a sitligiit is taken at the end).

For a proof using the residue theorem, see the linked article

History of this proof

The proof goes back to Augustin Louis Cauchy (Cours d'Aregl§821, Note VIII). In 1954, this proof appeared in the bobRkiva and Isaak
Yaglom "Nonelementary Problems in an Elementary Expasitibater, in 1982, it appeared in the jourri&lreka attributed to John Scholes, but

Scholes claims he learned the proof from Peter Swinnertger[and in any case he maintains the proof was "common kuigslat Cambridge in the
late 1960s".

The proof

The main idea behind the proof is to bound the partial sums

LA | 1 1 1
LpTptptote

between two expressions, each of which will tend 6 asm approaches infinity. The two expressions are derived frdentities involving the
cotangent and cosecant functions. These identities atgnrderived from de Moivre's formula, and we now turn to elishing these identities.

Letx be a real number witd < x < > and letn be a positive odd integer. Then from de Moivre's formula dreddefinition of the cotangent
function, we have

cos(nx) + isin(nx) B (cosx + isinx)” B (cos:t: + isin:t:)“ — (cotz +i)".

(sinx)n N (sinx)n sinx

From the binomial theorem, we have
(cota+i)" = (E) cot" x+ (T) (cot" T x)it-- - (n i 1) (cotx)i® 4 (Z) "

_ KD) cot = — (2) cot 2z 4 .. } i Kl) otz (3) ot & - } |

Combining the two equations and equating imaginary pavissghe identity

e (oo

We take this identity, fix a positive integoz, setn = 2m 4 1 and considez, =

rm
——forr =1,2,...,m. Thennz; is a multiple ofr and therefore
2m+1

a zero of the sine function, and so
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the numbers, = cot? z, are distinct for = 1, 2, ...,m. By the above equation, thesenumbers are the roots of tinath degree polynomial

o(t) = (2m1+ 1)t“’“ ~ (2m3+ 1) R T (_1)m(§$ j: i)

By Viéte's formulas we can calculate the sum of the rootsctlirdy examining the first two coefficients of the polynahiand this comparison shows
that

2m+1

2m(2m —1

cot’z; + cot’zy + - - +cot® z,, = Egmaﬂg = m( ?‘: )
1

Substituting the identitesc? 2 = cot? z + 1, we have

2m(2m -1 2m(2m + 2
CSCZ$1+CSCZ$2+---+csc2xm:w.;_m:M_

6 6

Now consider the inequalitcot? z < — < csc? z. If we add up all these inequalities for each of the numiz, = and if we use the two
T

T
2m+ 1’
identities above, we get

2m(2m — 1) - (2m+ 1)2+(2m+ 1)2+ _i_(Qm—i—l)2 - 2m(2m 4+ 2)

6 27 mmw 6

Multiplying through by @/(2m + 1))2, this becomes

N2(2m )(2m—1)<1+1+ +1<?T2( 2m )(2m+2)
6 \2m+1/\2m+1 12 22 m2 6 \2m+1/ \2m+1/"

2
As m approaches infinity, the left and right hand expressiom;leqvproacl%, so by the squeeze theorem,

> 1 , 1 1 1 2
4(2)—,§1ﬁ—n15’%o(ﬁ+§+"'+ﬁ) =%
and this completes the proof.

Packing Squares with Side 1/n

The solution to the Basel problem is related to packing sepiatith side length c1 The question that is asked is "What is the smallest rectathgit
n

can contain the squaresaapproaches infinity‘.p‘] One bound to the answer is dependent on one rectangleSside be the sum of the largest two
squares sides summed together,

The other rectangle sidS:, depends on the order of remaining squares. However, we Kmatvtotal area, of the squares (minus the square with
n=1) is:

O kP s 6 _ 077392088021 - - A233699.

The current packing record holder is Marc Paulhus, who agesl a packing aIgorithtLﬁ].
See also

= Riemann zeta function
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