
Elektromagnetika, kolokvij 12.12.2000, rešitve 

 

1) ρ(𝑟, 𝜃, 𝜙) =  ?     
𝜕

𝜕𝜙
= 0  

V(𝑟, 𝜃, 𝜙) =  𝑉0 𝑟 sin 3 𝜃 

𝐸⃗  = − 𝑔𝑟𝑎𝑑 𝑉 = − 1⃗ 𝑟  𝑉0 sin 3 𝜃 − 1⃗ 𝜃  𝑉0 3 cos 3 𝜃 

ρ = 𝑑𝑖𝑣 𝐷⃗⃗ = 𝑑𝑖𝑣 𝜀0 𝐸⃗  = 𝜀0 
1

𝑟2sin𝜃
 [– 

𝜕

𝜕𝑟
 (𝑟2sin 𝜃  𝑉0 sin 3 𝜃) − 

𝜕

𝜕𝜃
( 𝑟 sin 𝜃  𝑉0 3 cos 3 𝜃)] =  

  = 𝜀0 
1

𝑟2sin𝜃
 [– 𝑉0 2𝑟 sin 𝜃 sin 3 𝜃 − 3𝑉0 𝑟 ( cos 𝜃 cos 3𝜃 + sin 𝜃 (−3 sin 3𝜃))] = 

  = 𝜀0 
𝑉0 

𝑟sin𝜃
 [– 2 sin 𝜃 sin 3 𝜃 − 3 cos 𝜃 cos 3𝜃 + 9 sin 𝜃 sin 3𝜃] 

  = 𝜀0 
𝑉0 

𝑟
 ( 7 sin 3𝜃 − 3 ctg 𝜃 cos 3𝜃) 

 

2) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3)   𝑉 (𝑥, 𝑦, 𝑧 =  
𝑐

2
) = 𝑉0 𝑠𝑖𝑛 (

𝜋

𝑎
 𝑥)  𝑉 (𝑥, 𝑦, 𝑧 = − 

𝑐

2
) = −𝑉0 𝑠𝑖𝑛 (

𝜋

𝑎
 𝑥) 

 
𝜕

𝜕𝑥
 ≠ 0   

𝜕

𝜕𝑦
 ≠ 0   

𝜕

𝜕𝑧
≠ 0  𝑘𝑥 = 

𝜋

𝑎
,      𝑘𝑦 = 

𝜋

𝑏
, 𝑘𝑧 =  √𝑘𝑥

2 + 𝑘𝑦
2 = √(

𝜋

𝑎
)
2
+ (

𝜋

𝑏
)
2
 , 

Nastavek:             𝑉 (𝑥, 𝑦, 𝑧 =  
𝑐

2
) = ∑ ∑  𝐶𝑚𝑛 𝑠𝑖𝑛 (

𝑚𝜋

𝑎
𝑥) 𝑠𝑖𝑛 (

𝑛𝜋

𝑏
𝑦) 𝑠𝑖𝑛ℎ (√(

𝑚𝜋

𝑎
)
2
+ (

𝑛𝜋

𝑏
)
2
  

𝑐

2
)𝑛𝑚  =  𝑉0 𝑠𝑖𝑛 

𝜋

𝑎
  

19𝑉2 = 9𝑉0 + 𝑉3 + 4𝑉4       →    55𝑉2 = 27𝑉0 +  5𝑉3 

19𝑉3 = −3𝑉0 + 𝑉2 + 4𝑉4     →   55𝑉3 = −9𝑉0 +  5𝑉2 

𝑉2 =
12

25
𝑉0 

𝑉3 = −
3

25
𝑉0 

𝑉4 =
3

50
𝑉0 

𝑉1 =
17

50
𝑉0 

 

 

 

 

4𝑉1 = − 𝑉0 +  2𝑉0 + 𝑉2 + 𝑉3     →   4𝑉1 = 𝑉0 + 𝑉2 + 𝑉3 

4𝑉2 = 2𝑉0 + 𝑉1 − 𝑉2 + 𝑉4           →   5𝑉2 = 2𝑉0 + 𝑉1 + 𝑉4 

4𝑉3 = − 𝑉0 + 𝑉1 − 𝑉3 + 𝑉4         →   5𝑉3 = − 𝑉0 + 𝑉1 + 𝑉4 

4𝑉4 = 𝑉2 + 𝑉3 − 𝑉4 − 𝑉4   →   6𝑉4 = 𝑉2 + 𝑉3     →    𝑉4 =
𝑉2+𝑉3
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𝑠𝑖𝑛ℎ (𝑘𝑧 (−
𝑐

2
)) =  − 𝑠𝑖𝑛ℎ (𝑘𝑧  

𝑐

2
)   →  rešitev pri  𝑧 = −

𝑐

2
  glede na vzbujanje (− 𝑉0 𝑠𝑖𝑛 

𝜋

𝑎
𝑥) predstavlja zrcalno sliko glede na 

rešitev pri 𝑧 =
𝑐

2
, zato je nesmiselna.   

Glede na vsiljen potencial (𝑠𝑖𝑛 
𝜋

𝑎
𝑥) na pokrovih sklepamo:   𝑚 = 1;   

    𝑉0 = ∑  𝐶𝑛 𝑠𝑖𝑛 (
𝑛𝜋

𝑏
𝑦) 𝑠𝑖𝑛ℎ (√(

𝜋

𝑎
)
2
+ (

𝑛𝜋

𝑏
)
2
  

𝑐

2
)𝑛  

Koeficiente  𝐶𝑛 določimo s Fourierjevo analizo, tako da čimbolje zadostimo pogoju 𝑉 =  𝑉0  na pokrovu: 

   

  ∫  𝑉0 (𝑠𝑖𝑛 (
𝑙𝜋

𝑏
𝑦)) 𝑑𝑦 =  ∫  𝐶𝑛 𝑠𝑖𝑛 (

𝑛𝜋

𝑏
𝑦) 𝑠𝑖𝑛ℎ (√(

𝜋

𝑎
)
2
+ (

𝑛𝜋

𝑏
)
2
  

𝑐

2
) 𝑠𝑖𝑛 (

𝑙𝜋

𝑏
𝑦) 𝑑𝑦 

𝑏

0
 

𝑏

0
;      𝑛 → 𝑙 

   
 𝑉0 𝑏

𝑙𝜋
 (1 − cos(𝑙𝜋)) =   𝐶𝑙 𝑠𝑖𝑛ℎ (√(

𝜋

𝑎
)
2
+ (

𝑙𝜋

𝑏
)
2
  

𝑐

2
)( 

𝑏

2
) 

     𝐶𝑙 = 
2 𝑉0 

𝑙𝜋 𝑠𝑖𝑛ℎ (√(
𝜋

𝑎
)
2
+(

𝑙𝜋

𝑏
)
2
  
𝑐

2
)

(1 − cos(𝑙𝜋))  

 𝑉 (𝑥, 𝑦, 𝑧) = ∑
2 𝑉0 

𝑙𝜋
(1 − cos(𝑙𝜋)) 𝑠𝑖𝑛 (

𝜋

𝑎
𝑥) 𝑠𝑖𝑛 (

𝑙𝜋

𝑏
𝑦)

𝑠𝑖𝑛ℎ (√(
𝜋
𝑎
)
2
+ (

𝑙𝜋
𝑏

)
2

  𝑧)

𝑠𝑖𝑛ℎ (√(
𝜋
𝑎
)
2
+ (

𝑙𝜋
𝑏

)
2

  
𝑐
2
)

∞

𝑙=1

 

 

 

4)  
𝜕

𝜃𝑟
 ≠ 0  

𝜕

𝜕𝜃
 ≠ 0  

𝜕

𝜕𝜑
= 0   𝐽 0 = −1⃗ 𝑧𝐽0 =  −1⃗ 𝑧𝛾0𝐸0      

𝜕𝑉

𝜕𝑥
=  

𝜕𝑉

𝜕𝑦
= 0  𝐸⃗ =  −𝑔𝑟𝑎𝑑 𝑉 =  −1⃗ 𝑧

𝜕𝑉

𝜕𝑧
  → 

𝜕𝑉0

𝜕𝑧
 = 𝐸0  ∫𝑑𝑧   

V prostoru  “𝛾0": Potencial: 𝑉0 (r, 𝜃) = (𝐴0𝑟 + 𝐵0𝑟
−2) 𝑐𝑜𝑠𝜃  

  Polje: 𝐸⃗ 0 =  −𝑔𝑟𝑎𝑑 𝑉 =  −1⃗ 𝑟  (𝐴0 −
2𝐵0

𝑟3
) 𝑐𝑜𝑠𝜃 + 1⃗ 𝜃 (𝐴0 +

𝐵0

𝑟3
) 𝑠𝑖𝑛𝜃 

V prostoru  “𝛾𝑁": Potencial: 𝑉𝑁 (r, 𝜃) = (𝐴𝑁𝑟 + 𝐵𝑁𝑟−2) 𝑐𝑜𝑠𝜃  

 Polje: 𝐸⃗ 𝑁 = −𝑔𝑟𝑎𝑑 𝑉 =  −1⃗ 𝑟  (𝐴𝑁 −
2𝐵𝑁

𝑟3 ) 𝑐𝑜𝑠𝜃 + 1⃗ 𝜃 (𝐴𝑁 +
𝐵𝑁

𝑟3 ) 𝑠𝑖𝑛𝜃 

1. Pri    𝑟 ≫ 𝑏   je polje nespremenjeno:  

 

𝐸⃗ 0 =  −1⃗ 𝑟 (𝐴0 −
2𝐵0

𝑟3 ) 𝑐𝑜𝑠𝜃 + 1⃗ 𝜃 (𝐴0 +
𝐵0

𝑟3) 𝑠𝑖𝑛𝜃 ≈ −1⃗ 𝑟 𝐴0 𝑐𝑜𝑠𝜃 + 1⃗ 𝜃 𝐴0 𝑠𝑖𝑛𝜃 = −1⃗ 𝑧 𝐴0 = −1⃗ 𝑧 𝐸0   →   𝐴0 =  𝐸0 

 

2. Pri    𝑟 = 𝑎 (na površini krogle)  je:   𝐸⃗ 𝑡 =  𝐸⃗ 𝜃 = 0     ;  1⃗ 𝜃𝐸𝑁(𝑟 = 𝑎) = 0 =  (𝐴𝑁 +
𝐵𝑁

𝑟3) 𝑠𝑖𝑛𝜃 → 𝐵𝑁 = −𝐴𝑁𝑎3 

 

3. Pri    𝑟 = 𝑏  je:   𝐸⃗ 𝑡𝑁 =  𝐸⃗ 𝑡0        ;     𝐽 𝑛𝑁 = 𝐽 𝑛0    

𝐴𝑁 +
𝐵𝑁

𝑏3 = 𝐸0 +
𝐵0

𝑏3          ;     𝛾𝑁(𝐴𝑁 −
2𝐵𝑁

𝑏3 ) = 𝛾0(𝐸0 −
2𝐵0

𝑏3 ) 

𝐴𝑁(1 −
𝑎3

𝑏3) = 𝐸0 +
𝐵0

𝑏3     ;     𝐴𝑁𝛾𝑁(1 +
2𝑎3

𝑏3 ) = 𝐸0𝛾0 −
2𝐵0

𝑏3 𝛾0 

  𝐴𝑁(1 −
𝑎3

𝑏3) = 𝐸0 +
𝐵0

𝑏3     ; 𝐸0𝛾𝑁𝑏3 (1 +
2𝑎3

𝑏3 ) + 𝐵0𝛾𝑁 (1 +
2𝑎3

𝑏3 ) = 𝐸0𝛾0𝑏
3 (1 −

𝑎3

𝑏3) − 2𝐵0𝛾0 (1 −
𝑎3

𝑏3) 



   𝐴𝑁 =
𝐸0𝑏

3+𝐵0

𝑏3(1− 
𝑎3

𝑏3)
          ; 𝐵0 =

𝐸0𝑏
3(𝛾0(1− 

𝑎3

𝑏3)−𝛾𝑁(1+
2𝑎3

𝑏3 ))

2𝛾0(1− 
𝑎3

𝑏3)+𝛾𝑁(1+
2𝑎3

𝑏3 )
 

             𝐴𝑁 =
3𝐸0𝛾0

2𝛾0(1− 
𝑎3

𝑏3)+𝛾𝑁(1+
2𝑎3

𝑏3 )
                  ;      𝐵𝑁 = −

3𝐸0𝛾0𝑎
3

2𝛾0(1− 
𝑎3

𝑏3)+𝛾𝑁(1+
2𝑎3

𝑏3 )
 

 

𝐸⃗ 0 =  −1⃗ 𝑟 𝐸0  (1 −
𝑏3(𝛾0(1− 

𝑎3

𝑏3)−𝛾𝑁(1+
2𝑎3

𝑏3 ))

𝑟3𝛾0(1− 
𝑎3

𝑏3)+𝛾𝑁(1+
2𝑎3

𝑏3 )
) 𝑐𝑜𝑠𝜃 + 1⃗ 𝜃 𝐸0 (1 +

𝑏3(𝛾0(1− 
𝑎3

𝑏3)−𝛾𝑁(1+
2𝑎3

𝑏3 ))

𝑟32𝛾0(1− 
𝑎3

𝑏3)+𝛾𝑁(1+
2𝑎3

𝑏3 )
)  𝑠𝑖𝑛𝜃 

 

𝐸⃗ 𝑁 = −1⃗ 𝑟  
3𝐸0𝛾0

2𝛾0(1− 
𝑎3

𝑏3)+𝛾𝑁(1+
2𝑎3

𝑏3 )
 (1 −

2𝑎3

𝑟3 
) 𝑐𝑜𝑠𝜃 + 1⃗ 𝜃  

3𝐸0𝛾0

2𝛾0(1− 
𝑎3

𝑏3)+𝛾𝑁(1+
2𝑎3

𝑏3 )
(1 +

𝑎3

𝑟3
)  𝑠𝑖𝑛𝜃 

 

 

5)  𝐹 = 1⃗ ρ + 1⃗ 𝜑 ρ + 1⃗ 𝑧  ρ cos𝜑  

∮𝐹 ∙ 𝑑𝑠 =    ∫ 𝐹  
4

2
1⃗ 𝑧 𝑑𝑧 + ∫ 𝐹 

−
𝜋

2
𝜋

(−1⃗ 𝜑) ρ(−𝑑𝜑) + ∫ 𝐹 
1

2
 (−1⃗ ρ) (−𝑑ρ) + ∫ 𝐹 

2

4
 (−1⃗ z) (−𝑑z) + ∫ 𝐹 

2

1
 1⃗ ρ 𝑑ρ +                  

                  + ∫ 𝐹 
𝜋

−
𝜋

2

 1⃗ 𝜑 ρ 𝑑𝜑 = 

  = ρ cos𝜑  [
4
2
 𝑧 + ρ2  [ –

𝜋

2
𝜋

   𝜑 + [
1
2
  ρ +  ρ cos𝜑 [

2
4
 𝑧 + [

2
1
  ρ + ρ2  [ 

𝜋

–
𝜋

2
   𝜑 = 

 

 

= 2 (−1) 2+ 4 (–
𝜋

2
− 𝜋) + (1 − 2) + 0+ (2 − 1) +  4 (𝜋 +

𝜋

2
) =  −4   

ρ=2 
ϕ=π 

ρ=2 
z=4 

ϕ =-π/2 
z=4 

ρ=1 
ϕ=-π/2 

ϕ =-π/2 
z=2 

ρ=2 
z=2 



Elektromagnetika, kolokvij 15.02.2001, rešitve 

 

1) 𝐽  = 1⃗ 𝑦𝐽0    [𝐴/𝑚], r  ≫ 𝑎 

𝐴 (𝑟 )= 
𝜇0

4𝜋
 ∫ 𝐽  (𝑟 ’)

 

𝑣’

𝑒−𝑗𝑘|𝑟⃗⃗ −𝑟⃗⃗ ’|

|𝑟 −𝑟 ’|
𝑑𝑣’ = 

𝜇0𝐽0

4𝜋
 ∫ 1⃗ 𝑦

 

𝑣’

𝑒−𝑗𝑘𝑟

𝑟
𝑑𝑣’ =  

𝜇0𝑎
3

4𝜋
 𝐽0

𝑒−𝑗𝑘𝑟

𝑟
 (1⃗ 𝑟 sin 𝜃 sin𝜙 + 1⃗ 𝜃 cos 𝜃 sin𝜙 + 1⃗ 𝜙 cos 𝜙) 

𝐻⃗⃗ = 
1

𝜇
 𝑟𝑜𝑡 𝐴  = 

𝑎3

4𝜋
 𝐽0 

1

𝑟2sin𝜃
  |
|

1⃗ 𝑟 𝑟1⃗ 𝜃 𝑟 sin 𝜃 1⃗ 𝜙
𝜕

𝜕𝑟

𝜕

𝜕𝜃

𝜕

𝜕𝜙

sin 𝜃 sin 𝜙
𝑒−𝑗𝑘𝑟

𝑟
𝑟 cos 𝜃 sin 𝜙

𝑒−𝑗𝑘𝑟

𝑟
𝑟 sin 𝜃 cos𝜙

𝑒−𝑗𝑘𝑟

𝑟

|
|=   

=  
𝑎3

4𝜋
 𝐽0

1

𝑟2sin𝜃
 [1⃗ 𝑟  (cos 𝜃 cos𝜙 𝑒−𝑗𝑘𝑟 −cos𝜃 cos𝜙 𝑒−𝑗𝑘𝑟) + 𝑟 1⃗ 𝜃 (sin𝜃 cos𝜙 

𝑒−𝑗𝑘𝑟

𝑟
+ (𝑗𝑘) sin 𝜃 cos𝜙 𝑒−𝑗𝑘𝑟) +  

+ 𝑟 sin 𝜃  1⃗ 𝜙 ((−𝑗𝑘) cos 𝜃 sin 𝜙 𝑒−𝑗𝑘𝑟 − cos 𝜃 sin𝜙 
𝑒−𝑗𝑘𝑟

𝑟
)] 

𝐻⃗⃗  =  
𝑎3

4𝜋
 𝐽0

𝑒−𝑗𝑘𝑟

𝑟
 [(

1

𝑟
+ 𝑗𝑘) (1⃗ 𝜃 cos 𝜙 − 1⃗ 𝜙 cos 𝜃 sin𝜙)  ] 

 

2)  𝐾⃗⃗ (𝑧 = 0) = 1⃗ 𝜌 𝐾0  𝐽0 (𝛼𝜌)  𝜎 = ? 

𝜎 =  
𝑗

𝜔
𝑑𝑖𝑣 𝐾⃗⃗ =  

𝑗

𝜔

1

𝜌
 ( 

𝜕

𝜕𝜌
 𝜌  𝐾0  𝐽0 (𝛼𝜌)) =  

𝑗

𝜔

 𝐾0 

𝜌
 ( 𝐽0 (𝛼𝜌) + 𝜌𝛼  𝐽0’(𝛼𝜌) ) 

 

3)  a = 4 cm,    b = 3 cm,    c = 9 cm, 𝜀𝑟 = ?              𝑓𝑙,𝑚,𝑛 = 
 𝑐0 

2
 √(

𝑙

𝑎
)
2
+ (

𝑚

𝑏
)
2
+ (

𝑛

𝑐
)
2
   m,n,p → cela števila    

𝑓011 − 𝑓101 = 288,8 𝑀𝐻𝑧    
 𝑐0 

2√𝜀𝑟
 (√(

1

𝑏
)
2
+ (

1

𝑐
)
2
 −  √(

1

𝑎
)
2
+ (

1

𝑐
)
2
 ) =  288,8 𝑀𝐻𝑧      

𝜀𝑟 = (
 𝑐0 

2 𝑥 288,8 𝑀𝐻𝑧
 (√(

1

𝑏
)
2
+ (

1

𝑐
)
2
 −  √(

1

𝑎
)
2
+ (

1

𝑐
)
2
 ))

2

= 16,32 

 

4) 𝑟𝑜𝑡 𝐻⃗⃗ =  𝛾 𝐸⃗ +  𝑗𝜔𝜀 𝐸⃗  = 𝑗𝜔𝜀0 (
𝛾

𝑗𝜔𝜀0
+ 1) 𝐸⃗     

          𝜀𝑟      

 𝑘 = 𝜔√𝜇0𝜀0𝜀𝑟 =  𝜔√𝜇0𝜀0√𝜀𝑟      V praznem prostoru 

𝑘 = 𝑘0√1 +
𝛾

𝑗𝜔𝜀0
 ≈  𝑘0 (1 +

𝛾

2𝑗𝜔𝜀0
 ) =  𝑘0 (1 − 𝑗

𝛾

2𝜔𝜀0
 ) = 𝛽0 − 𝑗𝛼        →       𝛼 =  

𝛾

2𝜔𝜀0
 

𝑙′ = 𝑙 
𝑘

𝛽
=  

√(𝛽)2+(
𝜋

𝑏
)
2
 

𝛽
     →    𝛼′ =  𝛼 

√(𝛽)2+(
𝜋

𝑏
)
2
 

𝛽
  𝛼𝑑𝐵/𝑚 = 𝛼′

𝑁𝑝/𝑚  
20
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5)  1⃗ 𝑘𝑣 =  1⃗ 𝑧  1⃗ 𝑘𝑜 =  − 1⃗ 𝑧   

𝐸⃗  = 𝐸⃗ 𝑣 + 𝐸⃗ 𝑜 =  1⃗ 𝑥𝐴𝑒−𝑗𝑘0𝑧 + 𝑗 1⃗ 𝑦𝐴𝑒−𝑗𝑘0𝑧 + 1⃗ 𝑥Г𝐴𝑒+𝑗𝑘0𝑧 + 𝑗 1⃗ 𝑦Г𝐴𝑒+𝑗𝑘0𝑧 

𝐻⃗⃗  =  𝐻⃗⃗ 𝑣 + 𝐻⃗⃗ 𝑜 = (1⃗ 𝑘𝑣 ×
𝐸⃗ 𝑣

𝑍
)  + (1⃗ 𝑘𝑜 ×

𝐸⃗ 𝑜

𝑍
)  =  1⃗ 𝑦

𝐴

𝑍
𝑒−𝑗𝑘0𝑧 −  𝑗 1⃗ 𝑥

𝐴

𝑍
𝑒−𝑗𝑘0𝑧 − 1⃗ 𝑦

Г𝐴

𝑍
𝑒+𝑗𝑘0𝑧 +  𝑗 1⃗ 𝑥

Г𝐴

𝑍
𝑒+𝑗𝑘0𝑧 

𝑆 =
1

2
  |𝐸⃗ × 𝐻⃗⃗ ∗| = 

1

2
 |

1⃗ 𝑥 1⃗ 𝑦 1⃗ 𝑧

𝐴𝑒−𝑗𝑘0𝑧 +  Г𝐴𝑒+𝑗𝑘0𝑧 𝑗 𝐴𝑒−𝑗𝑘0𝑧 +  𝑗 Г𝐴𝑒+𝑗𝑘0𝑧 0

 𝑗 
𝐴∗

𝑍
𝑒+𝑗𝑘0𝑧 −  𝑗 

Г∗𝐴∗

𝑍
𝑒−𝑗𝑘0𝑧

𝐴∗

𝑍
𝑒+𝑗𝑘0𝑧 − 

Г∗𝐴∗

𝑍
𝑒−𝑗𝑘0𝑧 0

| = 

= 1⃗ 𝑧  (
𝐴𝐴∗

𝑍
−

𝐴𝐴∗Г∗

𝑍
𝑒−2𝑗𝑘0𝑧 +

𝐴𝐴∗Г

𝑍
𝑒+2𝑗𝑘0𝑧 −

𝐴𝐴∗ГГ∗

𝑍
) = 1⃗ 𝑧  

𝐴𝐴∗

𝑍
 (1 − Г∗𝑒−2𝑗𝑘0𝑧 + Г𝑒+2𝑗𝑘0𝑧 − ГГ∗) = 

=  1⃗ 𝑧  
|𝐴|2

𝑍
 (1 − Г2𝑗𝑠𝑖𝑛2𝑘0𝑧 − |Г|2)    

 

Odbojnost: 

𝐸𝑣 + 𝐸𝑜 = 𝐸𝑝  ;   −
1

𝑍0
 [𝐸𝑣 − 𝐸𝑜] = −

1

𝑍
𝐸𝑝   ; 

𝐸𝑜

𝐸𝑣
=

𝑍−𝑍0

𝑍+𝑍0
=

1−√𝜀𝑟

1+√𝜀𝑟
=  Г  ;    Г2 = |Г|2 

Г = Г∗ = −|Г| =  
Г𝐴𝑒+𝑗𝑘0𝑧

𝐴𝑒−𝑗𝑘0𝑧 =  Г𝑒+2𝑗𝑘0𝑧 

 

 

 


