904 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: FUNDAMENTAL THEORY AND APPLICATIONS, VOL. 45, NO. 9, SEPTEMBER 1998

An Analytical Model for the Power Spectral
Density of a Voltage-Controlled Oscillator and
Its Analogy to the Laser Linewidth Theory

Frank Herzel

Abstract—We calculate the output power density spectrum for C[V¢(h]
a simple voltage-controlled oscillator (VCO) circuit. The power L
spectral density of the oscillator is composed of a term related w’
to the high-frequency fluctuations in the feedback loop and a Al
term related to the low-frequency fluctuations of the frequency
control voltage. The latter is treated stochastically in a similar -Rg RL

fashion to the inhomogeneous line broadening of gas lasers due to
the Doppler effect. This additional broadening causes a deviation
of the power spectral density from the Lorentzian shape, that
is, from the phase noise decay of-6 dB per octave. This is v+ S —4kTR
i VM T N
specially pronounced at not-too-large frequency offsets. The anal- - "W
ogy between electrical oscillators and optical oscillators (lasers) d ©

allows the methods used in optical spectroscopy to be applied. Therig 1. vCO model. The oscillation frequency is controlled by a fluctuating
approach may be employed to synthesize oscillator spectra from voltage V()

the equivalent circuit parameters with small numerical effort.

Furthermore, it allows experimental power density spectra to

be decomposed into the contributions stemming from the high- optical spectroscopy. The power spectral density is expressed
frequency noise in the feedback loop and the low-frequency noise jn terms of the oscillation frequency, the quality factor of

of the oscillation frequency. This should give better insight into .
the origin of the phase noise. Besides VCO's, this concept maythe passive resonator, the power consumed by the load, the

be useful for oscillators subject to Gaussian supply and substrate quivalent noise resistance in the feedback loop, the_ |0_6‘d
noise. resistance, and the root-mean-square value of the oscillation

Index Terms—FM noise, oscillator noise, phase noise, voltage- frequ_ency or of_the frequency control voltage, respectiv_ely.
controlled oscillators. We discuss the influence of these parameters on the oscillator
linewidth and on the relative phase noise.
This paper does not intend to give an overview of the
|. INTRODUCTION vast number of papers on oscillator phase noise. (For an
OLTAGE-CONTROLLED oscillators (VCO’s) are crit- overview see [4].) Instead it focuses on how the Gaussian
ical components of modern communication systems. hoise of the control voltage may be incorporated into the phase
particular, critical parameters of phase-locked loops, such rgise calculations. To the best of the author’'s knowledge, this
spectral purity and power dissipation, strongly depend on theoblem has not yet been addressed so far. The algorithm
VCO performance. The demands of international standardigrived here may also be applied to oscillators subject to
such as GSM make low-phase-noise, low-power VCO’s @aussian supply and substrate noise, since such oscillators can
topic of current interest [1]-[3]. Accurate modeling of thée considered as VCO'’s with purely stochastic control voltage.
phase noise of VCO's requires substantial numerical effort
[4]. Therefore, a simple analytical model is desirable to
facilitate synthesis and analysis of the power spectral density
of VCO’s. This would also give insight into the dominant The passive resonator is modeled by a resistafigede-
noise mechanisms in the circuit. scribing the loss, a tunable capacitan€éV) with Vi the
There is a strong analogy between optical resonators (lasdrgpuency control voltage, and an inductancewhich gives
and electrical oscillators as outlined below, whereby the vecttye impedance
potential in a laser corresponds to the voltage in an electrical

[I. THE OSCILLATOR MODEL

oscillator. The aim of this paper is to analytically calculate the Zr, =R + L + jwL (1)
oscillator line broadening by using the methods employed in JwC
Manuscript received July 28, 1997; revised March 26, 1998. This papgs shown in Fig. 1. We model the active device by a real
was recommended by Associate Editor A. Csurgay. negative resistance Rs. The noise in the feedback loop is
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noise resistancdéiy defined by only positive frequencies, we may focus on frequencies near
wp. With the resonance approximation
Svn.vw = 4kTRN.
’ 1
The resonance frequeney, of the passive resonator is con- @/ = wolw = Wwo (W +wo)lw = wo)
trolled by the voltagé/, which fluctuates. These fluctuations ~ 2 (w — wo) ®)
give rise to fluctuations of the oscillation frequency. wo
So far, several approximations have been made. First, tg fing
equivalent circuit for the passive resonator is relatively simple,
although it may be generalized by using a more complex S., ., = Suy, vy 5 .
algebraic expression fdf;,. Second, the imaginary part of the (1—rg)?+ <@) (w — wp)?
generator impedance is disregarded. Inclusion of the imaginary

wo
part would, as in [5], shift the oscillation frequency, but leavgyis expression represents a Lorentz function corresponding
the linewidth unchanged. Third, the frequency dependencegf 5 exponential decay of the autocorrelation function in
Ry and K¢ has been neglected. This is a good approximatiofhe time domain. The Lorentzian linewidth (half-width at
if the curvature of the gain (here described By) as a half-maximum) follows from (9) as
function of frequency is much smaller at the frequency of

1

(9)

oscillation than that of the passive resonator [5]. For typical y=(1-rg) ;U—COJ (10)
quality factors of passive electrical oscillators, this condition
is easily fulfilled. and the spectrum may be written as
Wo w
lIl. THE FIXED CONTROL VOLTAGE CASE Sup,v = Sun, v 20) 5 Ly, w — wo] (11)

First, we neglect the fluctuations &f.. The power spectral
densityS,,, ..., of the voltage over the loa&, is the Fourier 1
transform of the steady-state autocorrelation function, which Ly, w] == %
can be measured with a spectrum analyzer. According to Ty Fw
Fig. 1, the spectral density of the noise voltage o¥&r is for a Lorentz function of area unity. The linewidth (full-width
given by at half-maximum) of the passive resonateg (= 0) is

with the abbreviation

(12)

e i (Aw)pr = % (13)

S VN, UN m

©)

vL,vVL
) o and the total power’;, (in watts) delivered to the load is

Here, we have exploited the fact that the noise in a narrqgh(,en by

frequency range may be treated in the same fashion as in the

case of a small-signal analysis. After insertidg we find P; = 1= dwS,, o, /RL (14)
27r 0 AR ’
1
S’U vy — S’Ul U} 4 1
Lvr N T a1 Q2 forn — ) (4)  From (11) we find o
Svn v w
P = VN, VN PR 15
where L 4R; 2y (15)
wo =1/VLC (5) or, after rearranging,
is the oscillation frequency 2y = Svw,vx 7(&”)%3 = kTR_J\ (A_‘*’)%R, (16)
I 4RL PL RL PL
%)
= RL (6) There is a complete analogy between (16) and the expression
L for the semiconductor laser linewidth (see, e.g., (47) in [5]).
is the quality factor of the passive resonator, and The characteristic energy7 in (16) corresponds to the
photon energy,P;, corresponds to the laser output power,
re = Ro/Ri 31 (7) and Rn/Rr = Ry/Rg corresponds to the inversion factor

is the relative gain. As for lasers [5], the gain (héte) must re_pr_esentln_g the ratio between spontaneous emission rate (the
; . origin of noise) and the optical gain rate. The analogy between
be slightly smaller than the total loss (heRg ), otherwise the . o S : -
. . . electrical quantities used in this model and optical quantities
power spectral density would diverge. As evident from (4), the . g :
. o used in laser theory is illustrated in Table | (see also next
spectral density becomes very large at the oscillation frequenscgction)
if Rg approachedi;. The narrow-bandwidth oscillation may ’ . .
. . e The normalized power spectral density can be expressed by
be considered a frequency selective amplification of fluctu%-e linewidth as
tions. In the case of electrical oscillators, the fluctuations stem
from, e.g., thermal motion of the electrons, and in the case of Supvy _ 2y ~ 2y 5 (17)

lasers from spontaneous emission of light. Since we consider PLRr v +(w—wp)? (@ —wo)
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TABLE |
ANALOGY BETWEEN ELECTRICAL AND OPTICAL QUANTITIES

Electrical Quantity Optical Quantity

Voltage V Vector potential A

Power spectral density Sy, v, Power spectral density outside the laser
Lorentzian oscillator linewidth 2y Homogeneous laser linewidth (Aw)pem
Oscillation frequency wq Laser frequency wr,

Linewidth of the passive resonator  Linewidth of the passive resonator
Power Pp, delivered to the load Laser output power Pou:

Thermal energy kT Photon energy hwr,

Noise-gain ratio Rn/Rq Noise-gain ratio (inversion factor)
Probability density of wq Probability density of wy,

Voltage fluctuation AV () Velocity v(t) of a diffusing lasing molecule
Probability density of AV Velocity distribution of the molecules

where, on the right-hand side, a frequency offset wo > v voltage. To obtain a reasonable probability dengifAwy),
was assumed. Therefore, the linewidth although hard to some assumptions about the stochastic proce®s(t) or
measure directly, represents a good measure for the relativeo(¢) need to made. In the following, we will investigate
phase noise of the oscillator. As for lasers, the Lorentzidhe influence of phase diffusion on the power spectrum by
linewidth given by (16) is inversely proportional to the powemnodeling the time-dependence of the oscillation frequency
reflecting the tradeoff between relative phase noise and powserchastically. We start with the Langevin equation
consumption. d

The question arises how these results can be general- — Awg(t) + Y, Awo(t) = F(t) (21)
ized when a more sophisticated expression of the feedback dt
impedanceZy, is used. Equation (9) may be reexpressed hyhere~,, is the damping of the process which driv&s:(t)

defining the noise shaping functid#f |? by exponentially toward zero, anfl(¢) is a white noise force
ith th lation functi
Suyvr = Sun. o |H)? (18) with the autocorrelation function
(F(t2)F(t1)) = 2D6(t2 — t1). (22)

where H(w) is the transfer function of the system. Should

1/|HJ* not be parabolically shaped, it can be expanded tqyuations (22) and (23) describe an Ornstein—Uhlenbeck
second order with respectdoaround the oscillation frequencyprocess [6] well known in connection with the motion of
wo. Such an expansion is justified if the power spectral densily Brownian particle. Its steady-state solution is unique in
of the freely running oscillator drops with approximateh that it is the only stationary stochastic process that is both
dB per octave, which is often the case. This expansion resufgussian and Markovian. The/f noise in semiconductors
in a more general definition of the quality factor is not a Gaussian process and, therefore, difficult to model.
> 5 However, the investigation of the Ornstein—Uhlenbeck process
Q= “o \/1 w (19) is useful as an approximation, since it gives insight into the
2 )2 dw? w=wp interplay between the high-frequency noise in the feedback
loop and the low-frequency noise dfo resulting in total
oscillator line broadening. The probability density of the
Ornstein—Uhlenbeck process is a Maxwell distribution. This
model corresponds to the inhomogeneous line broadening
Now we consider the more general case of a fluctuating gas lasers due to the Doppler effect, since the velocity
control voltageVe(t) = (Vo) + AVe(t), with (V) denoting  distribution of the lasing molecules is also Maxwellian (see

the expectation value and\Vc(t) the fluctuations around also Table I). The steady-state probability density/afo ()
this value. These fluctuations give rise to fluctuations of the given by

oscillation frequencywy(t) = {wp) + Awg(t). Let the steady-
state probability density af\wo(t) be p(Awo). Weighting the p(Awo) = G(0w,, Awo) (23)
result of the previous section with{ Awg), we obtain

_ S’”N:'”N (Aw)%R 7

In this case, (9)—(17) remain approximately valid.

IV. THE FLUCTUATING CONTROL VOLTAGE CASE

with the abbreviation for a Gaussian distribution of unity area

S'UL vy — 1 (Aw0)2
: 4 s Awp) = ——— - 24
- G0 dan) = i = o | e
. d(A Awo) L[y, w — — Awyg]- (20 . ,
/_oo (Awo)p(Awo) Ly, w = (wo) wol- (20) with the rms value given by
Equation (20) represents a convolution of the Lorentzian with D
the probability densityp(Awg), describing additional line Cuo = 4] —- (25)
broadening due to low-frequency fluctuations of the control Yeo
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Now we will replaces,,, by the rms valuery,, of the control
voltage fluctuations. For this purpose, we assume a linear
relationship between the fluctuatidnw,(¢) and the fluctuation
AV (t) according to

907

—== =05, 5, =0
—— ¥=05, 5, =1
—-=- =05, 5, =5

Awo(t) = KAVE(t) (26)

with the sensitivityK” defined byK = d{wq)/d(V¢}. Equation

(26) implies that the frequency fluctuations instantaneously
follow the voltage fluctuations, that is, that the delay time in
the control loop is small compared to the characteristic time
of the low-frequency fluctuations &f-(¢). The corresponding
root-mean-square values are then connected with each other by

(27)

-0 | &

L ' \
-20 ; ‘

Power Spectral Density [dB]

Owyg = |K|O—VC'
. .. 30 /
The root-mean-square valug, is a measure for the additional /! N\

line broadening due to th&: fluctuations. It is a product of ,"' NS
the sensitivity| K| and the square root of the integrated noise

spectral density oAV 40 5
1 OO 1/2
Ve = <§ /0 dwSave, ave (w)) ) Fig. 2. Normalized power spectral density for the case of vanishing
fluctuations (dashed), strorig: fluctuations (dot-dashed), and mediura:

Replacing the variance ofy(¢) by that of V- (¢) according fluctuations (solid).
to (27), we obtain from (23)

p(Awo) = C:(I(O’VC7 Awo).

20 -10 O 10 20 30
Frequency Offset [arb. units]
(28)

Now we will discuss two limiting cases. First, we consider

the case of strond~ fluctuations defined by the relation
Obviously, there is a trade off between tunability (highi|)
and low phase noise (loWk|). The Gaussian in (29) needs (33)
to be convolved with the Lorentzian according to (20). Thig;th -, the Lorentzian linewidth given by (16). In this case,
gives the final result the LorentzianL in (31) may be replaced with &function

(29)

Twy 2 Y

2 and we find
S'Ur,,'vr, = SMZTWN % WV[KO—VC? Y, W= <w0>] (30) S (Aw)2
i Suy vy = 22y A2UPR Koy w— (wo)).  (34)
with the abbreviation 4 v

We conclude from (34) that, as for Doppler broadened laser
lines, the low-frequency fluctuations are transformed to the
o ] o ] vicinity of the oscillation frequency. We point out that the
The convolutlon integral’ is called a V('Jlgt.hne profile gnd resulting lineshape is determined by the Gausgiabability

is of unity area. We remark that the derivation of (30) did ”Qiensity of these fluctuations and not by the power spectral

require the assumption of an Ornstein—-Uhlenbeck process fRisjty which is a Lorentzian for the Ornstein—Uhlenbeck
Auwg(t). The only required assumption is that the probabilitwocess_

density of the low-frequency fluctuatiodswy(¢) is Gaussian, Second, we discuss the opposite limit of wedk-

which may be a good approximation, even fgtf-noise. fluctuations defined by
Unfortunately, the integral in (31) cannot be performed

analytically. A convenient method to calculate the integral is to

transform it analytically into the time domain and numericall

back into the frequency domain. We obtain then a formula f

synthesizing the Voigt line profile

Vio, v, w) = /00 dw'Glo, J'|Ly, w — '] (31)

ade o)

Oy € 7. (35)

)i'rhe Gaussian in (31) may then be replaced with &
?unction, and we find

S,

4 ¥
(32) as obtained in the previous section. Figs. 2 and 3 show the

To analyze experimental spectra, several approximations lioeshapes for these two limiting cases and for a case of
the Voigt function and its partial derivatives with respecbto medium V- fluctuations, wheres,,, and v are of the same
and Aw are available [7], because the Voigt function plays aorder. In the last case (solid curve), the lineshape resembles a
important role in optical spectroscopy. Using a least squar@aussian for small frequency offsets-(wo), and a Lorentzian
fit algorithm for o and Aw, experimental data can be fittedfor large offsets. In other words, if in a semi-logarithmic
A curve fitting procedure based on evolution strategies [@ot as in Fig. 2 the spectrum is parabolically shaped near
described in [8]. the maximum, low-frequency noise contribution of theg:

(Aw)

2
S’Ur,,’b‘r, = TR WL[W? W= <w0>] (36)

1 [ . o?
Vie, v, w) = g/ dt exp[jwt] exp [—? tQ} exp[—7lt]]-

— o0
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the oscillation frequency can be calculated from (27). The
L corresponding probability density (24) needs to be convolved
RS with the phase noise spectrum given by (37) as it was done
in (31) to obtain the phase noise in consideration of control
-10 voltage fluctuations.

VI.

We have presented a simple analytical model for the output
1 power spectrum of a voltage-controlled oscillator. The line
broadening is due to both the high-frequency noise in the
A feedback loop and the low-frequency noise of the frequency
control voltage. We have stressed the analogy between optical
oscillators (lasers) and electrical oscillators allowing one to
take advantage of the knowledge in the field of optical spec-
troscopy. The Lorentzian part of the power spectral density
has been expressed in terms of circuit parameters and the
consumed power. There is also an additional line broadening
due to the noise of the frequency control voltage, which
affects the power spectral density, especially for not-too-large
frequency offsets. Although we have confined ourselves to a
simple oscillator, the methods derived here may be applied

) o o to analytical phase noise calculations for more sophisticated
fluctuations are significant. Such a behavior is observed dftcuits including supply and substrate noise.

the VCO spectrum in [1]. For frequency offsets larger than 8
kHz, the spectrum shows a nearly perfect Lorentzian shape,
but at low offsets it is much broader. However, an accurate ) )
comparison to our model would require the Voigt function 1he author is grateful to Y. Heiner, H. Klar, D. Temmler,
to be convolved with the bandpass filter functidi{w) of and A. Ourmazd for helpful discussions and remarks.

the spectrum analyzer. A corresponding fit to a measured
power spectrum would allow the power spectral density to
be decomposed into a Lorentzian and a Gaussian contributiofi; J. Craninckx and M. Steyaert, “A CMOS 1.8 GHz low-phase-noise

which is, however, beyond the scope of this paper. voltage-controlled oscillator with prescaler,” Rroc. IEEE ISSCCSan
Francisco, CA, Feb. 1995, pp. 266-267.

T. S. Aytur and B. Razavi, “A 2-GHz, 6-mW BiCMOS frequency-
synthesizer,|IEEE J. Solid-State Circuitsol. 30, pp. 1457-1462, 1995.
B. Razavi, “A 1.8 GHz CMOS voltage-controlled oscillator,” IREE
Proc. ISSCCSan Francisco, CA, Feb. 1997, pp. 388-389.

CONCLUSIONS

——— y=0.5, 0,,=0
| —— 1=05,0,=1
—=- ¥=05,0,=5

Power spectral density [dB]

-40 . .
1 10

log (Frequency offset) [arb. units}]

Fig. 3. As Fig. 2, with logarithmic frequency axis.
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